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Given a dimension n ≥ 2 and an integer t ≥ 0, a spherical t-design in dimension n is a 10 nonempty finite subset X of the unit sphere S n−1 of the Euclidean space R n such that t-homogeneous if the orbit Gx 0 of any point x 0 ∈ S n−1 is a spherical t-design.
11
Theorem 1 (Bannai) . Let G be a finite subgroup of O(n) and let s, t be positive integers.
then G is t-homogeneous, and conversely.

(ii) If n ≥ 3 and if π (k)
G is irreducible for 1 ≤ k ≤ s, then G is (2s)-homogeneous.
(iii) If n ≥ 3, if π (k)
G is irreducible for 1 ≤ k ≤ s, and if π (s)
G , assumed by Bannai, can be replaced by irreducibility; also, in (iii), the hypothesis
is a weakening of the corresponding hypothesis by Bannai.) Claim (iv) and 25 the bound t ≤ t max (n) appear in [6] and [7] . With appropriate definitions, claims (i)-(iv)
26
carry over to compact subgroups of O(n).
27
The converses of claims (ii) and (iii) do not hold, and the claims themselves do not hold 28 for n = 2 (see below, the end of Section 2). As the group of (t + 1)-roots of unity is a 29 spherical t-design in S 1 for each t ≥ 0, the last claim in the theorem does not hold for 30 n = 2.
31
(After submission of this paper, C. Pache has found that, in claims (ii) and (iii) of 
23 for all φ ∈ F (t ) (S n−1 ), where dg denotes the normalized Haar measure on G.
24
Let p be the linear operator on which we identify with R. Thus, condition (1) reads
29 for all φ ∈ F (t ) (S n−1 ).
30
Extending a previous definition, we say that a compact subgroup G of O(n) is 31 t-homogeneous if, for all x 0 ∈ S n−1 , the orbit Gx 0 is a spherical t-design.
32
Given two vector spaces U and V , here over R, the space of linear mappings from U to for all φ ∈ F (t ) (S n−1 ), and this establishes (i).
10
For claim (ii), observe that
and only if L(R n , R) G = {0}, if and only if (R n ) G = {0}.
12
For claim (iii), assume first that G is reducible; let V be a nontrivial G-invariant 13 subspace of R n . If p denotes the orthogonal projection of R n onto V and · | · the
14
Euclidean scalar product, the function
and is not constant, so that F (2) (S n−1 ) G = R.
16
Assume next that F (2) 
is not zero, G is reducible by (ii). We may therefore assume 18 without loss of generality that φ : R n R is a homogeneous polynomial of degree 2. Let
Then B is self-adjoint, commutes with all elements of G, and any eigenspace of B in R n is 22 G-invariant. Moreover, since φ is not constant, B is not a scalar multiple of the identity,
23
thus B has a nontrivial eigenspace, and the action of G on R n is reducible. (This implication   24 is a particular case of one in Theorem 7, proven below.)
25
Let us now review some classical facts on spherical representations of O(n). For 
denote the space of harmonic polynomials of degree k. We will identify these spaces with 30 spaces of continuous functions on S n−1 .
31
Each of these spaces is also O(n)-invariant for the natural action. More precisely, for
34
The two following results are classical (see e.g. [26] or [30] ). 
, and therefore also
12
For l, m ≥ 0, we have a linear mapping
14
Lemma 5. For all l, m ≥ 0, the mapping µ l,m defined by (3) is injective.
15
In the case l = m, the image of Proof. Denote by ω ∈ P (2) 
classical fact that any α ∈ P (k) (R n ) can be written in a unique way as
Since the pointwise multiplication
, and therefore φ = 0. Thus µ l,m is injective.
28
and the operator µ l,l (φ) is self-adjoint.
31
The natural representation
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, and g ∈ O(n). Observe that the application µ l,m of (3) 1 is O(n)-equivariant for π (l+m) and π (l,m) . Though it is not used below, it can also be 2 observed that π (l,m) is equivalent to the tensor product of the representations π (l) and π (m) 3 (note that π (l) , being orthogonal, is equivalent to its own contragredient).
4
In the case l = m, the space
denote the space of endomorphisms of trace zero. The space zero on H (l) (R n ), so that we have a mapping
which is O(n)-equivariant for the natural representations.
12
Proof. Consider the sequence
where the first mapping is µ l,l and the second is the trace. The two mappings are O(n)-
composition of these two mappings is zero.
17
Theorem 7. Let G be a compact subgroup of O(n) and let t ≥ 0 be an integer. Assume
18
that each integer k such that 1 ≤ k ≤ t is given as a sum k = l +m of nonnegative integers, 19 and that
G is irreducible in case l = m.
22
Then G is t-homogeneous.
23
Proof. By Theorem 1(i), it is enough to show that
In the case k = l + m with l = m, the existence of the O(n)-equivariant 25 mapping (3), which is injective by Lemma 5, implies that
and is therefore {0}.
27
Similarly, in the case k = l + l with l ≥ 1, the space
where the last isomorphism follows from Schur's lemma.
31
Here is the form of Schur's lemma used in the previous argument. Let V be a finite- over to the case n = 2.
10
On the converses of claims (ii) and (iii) in Theorem 1
11
The subgroup U (n) of O(2n) is transitive on the unit sphere S 2n−1 of C n = R 2n , and 12 therefore is t-homogeneous for all t ≥ 0. However the representation π (2) U (n) is reducible.
13
Indeed, let | C denote the scalar product on C n , so that the Euclidean scalar product
where
is the space of harmonic polynomial functions C n C which are 1 17 homogeneous of degree p in z 1 , . . . , z n and homogeneous of degree q in z 1 , . . . , z n . We
21
The first factor contains functions of the form
and the second factor contains functions of the form
with α ∈ R 2n .
26
There is in [6] an example of a finite group showing that the converses of claims (ii) and
27
(iii) in Theorem 1 do not hold.
28
1 It is convenient to use on R 2n = C n not only the canonical coordinates (x 1 , . . . , x 2n ), but also coordinates  (z 1 , . . . , z n , z 1 , . . . , z n ), with z j = x j + ix n+ j and z j = x j − ix n+ j for 1 ≤ j ≤ n. A smooth function
C which are homogeneous of degree p in z 1 , . . . , z n and homogeneous
is the kernel of the Laplacian viewed as a linear mapping 
is also injective.
10
Proof. For φ in the kernel of the mapping F (s) (S n−1 ) R X , we have
and therefore φ = 0, so that Ev X is injective. The other claims are straightforward to 13 check.
14 Though we will not need it here, observe that an immediate consequence of Lemma 8
15
is the well-known inequality
for any spherical (2s)-design. A second observation is that, in the case −X = X is 27 Proposition 2 follows from the H -equivariance in Lemma 8, and from the fact that the 
24
Proof of Theorem 1(iv) and Proposition 2. If H is a finite group which is transitive
on a spherical (2s)-design X, Lemma 8 implies that F (s) (S n−1 ) H = R. Thus H is
28 direct sum F (s) (S n−1 ) = s k=0 H (k) (R n ) is H -invariant (indeed O(n)-invariant).
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We can choose an Abelian subgroup A of G of index at most c(n). Consider a point 1 x 0 ∈ S n−1 , its orbit X = Gx 0 , and assume that X is a spherical t-design for some t ≥ 0.
2
Observe that X is invariant by A and that |A\X| ≤ c(n). Thus
by Lemma 8 (here [t/2] denotes the integer part of t/2).
5
Assume now that n ≥ 3. As the representation of the Abelian group A on R n is 6 reducible, there exists a polynomial f ∈ H (2) (R n ) A which is not zero. More precisely, in appropriate coordinates, we can set
As f defines a continuous function on S n−1 which is not constant (and therefore which 
and t ≤ 4c(n) − 1.
16
Remark. In the proof above, we can set 
Examples of t-homogeneous groups for 3 ≤ t ≤ 11
23
Let G be a finite subgroup of O(n). The dimensions h (k)
G of the spaces
G-invariant harmonic polynomials can be computed from the adapted Molien-Poincaré
which is an equality between formal power series; see No. V.5.3 in [8] , or [24] . Thus, at 28 least in principle, the maximal t for which G < O(n) is t-homogeneous can be found 29 out with computations involving the action of G on R n only, not on H (k) (R n ) for k ≥ 2.
30
(Actual computations are however known to be "in general" as complicated as possible:
In the case of an irreducible finite group W generated by l ≥ 2 reflections, this series is
where the increasing sequence m 1 = 1 < m 2 ≤ · · · ≤ m l is that of the Coxeter exponents 4 of the Coxeter group W ; see No. V.6.2 in [8] or Chapter 3 in [16] . It follows that W is 5 m 2 -homogeneous, and that some orbits of W on S l−1 are spherical m 3 -designs when l ≥ 3.
6
In particular, with standard notation for the types of finite Coxeter groups, we have the G and π (2) G irreducible, such that the group generated by G and {±1} Let L be a lattice in R n with minimal norm
be its set of normalized short vectors. A natural question to ask is: for which t is the set X L 5 a spherical t-design? We report below some information communicated to us by Venkov.
The theory of extreme lattices (namely of lattice sphere packing of highest density) 7 motivates the study of strongly eutactic and strongly perfect lattices, defined as those for .) The number of 12 similarity classes of strongly perfect lattice is finite in any dimension, and it is conjectured 13 that there exists at least one in any large enough dimension. There are exactly 10 similarity 
30
Conversely, it is also possible to define lattices in terms of appropriate spherical designs.
31
More precisely, if X ⊂ S n−1 is a finite subset linearly generating R n such that x | y ∈ Q
32
for all x, y ∈ X, and if X Z denotes the additive subgroup of R n generated by X, then the
37
Consider a lattice L < R n . Let x 0 ∈ L be primitive (namely x 0 = 0, and There is a lattice
for which the set of short vectors {x ∈ L | x | x = 4} provides a spherical 5-design, but 10 such that some layers {x ∈ L | x | x = r } for r > 4 provide only spherical 3-designs.
11
(L is the only known strongly perfect lattice of which the dual K * 21 is not strongly perfect.)
12
Thus, it also makes sense to ask questions similar to (Q3) and (Q4), involving all layers of 13 the lattices, rather than just the layer of short vectors.
14
The purpose of this Appendix is to present another proof of claims (ii) and (iii) of 
x is the unique homogeneous function of degree
11
There exist constants q terminates the proof of claim (ii).
13
Claim (iii) is proven by a similar argument.
14 Remark. For n = 3 and for every l ≥ 0, the mapping ν l,l is a bijection, since the is true for n = 3 (see above), but is false for n = 2. We do not know whether it holds or 24 not for n ≥ 4. 
